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Summary 
We described the deve lopment  of an apparatus  for the determinat ion of 
the thermal  conduct iv i ty  of l iquids. The apparatus is suitable for all kinds 
of l iquids, inc luding the strongest acids. F rom a given t ime we pass an 
electric current  through a thin stra ight  wire, placed in a homogeneous 
mater ia l  of which the thermal  conduct iv i ty  is to be measured. 
The constant  heat product ion in the wire causes a cyl indrical  tempera-  
ture field in the material .  The rise of temperature  depends on the thermal  
propert ies of the material .  The apparatus used is sketched in figure I. 
The drawback of the old methods,  viz the convect ion current of the l iquid 
is evaded, because the t ime in which the measurement  is done, is so short 
that  the density differences can not  develop a disturbing convect ion cur- 
rent  within this t ime. The results of the measurements  are given in table I I .  
For  water  we found the same dependence of the thermal  conduct iv i ty  
on temperature  as F. Schmidt  and W. Se l l schopp (see figure 9) 
Introduction. The usual methods of measuring the thermal con- 
ductivity of a material are based on the solution of the differential 
equation of Fourier at stationnary circumstances and for the case, 
that the temperature depends only on one coordinate. 
Let: 0 = the temperature, centigrade 
x = the thickness, cm. 
] = the area of surface, cm 2. 
Q ----- the quantity of heat transmitted, cal/sec. 
Then: dQ = -- ~ ~ d/at.  
~x 
where 2 is the thermal conductivity in cal/cm sec°C. 
If the material is a liquid with this method the convection cur- 
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rents cause trouble, whereas with a very thin layer of the liquid 
used to suppress convection currents the measurement of the tem- 
perature and the thickness of the layer become very difficult. 
To avoid this difficulties we have used a nonstationnary method 
with a very short time of measurement. 
The principle o~ the non stationnary method. From a given time 
we pass an electric current through a thin straight wire, placed in 
the homogeneous material of which the thermal conductivity is 
to be measured. The constant heat production in the wire causes a 
cylindrical temperature field in the material. The rise of temperature 
in the material is dependent on the thermal properties of this 
material. The PoSsibility of measuring the thermal conductivity 
based on this principle has been indicated first by S t A 1 h a n e 
and P y k 1). For the difference 0 of the temperature of the wire 
and its initial temperature they found: 
O= A~ 
where: q = the heat production in Watt/cm. 
2r o = the diameter of the wire in cm. 
A and B are two definite constants. By comparison with known 
liquids they determined that A = 0,0445. 
Thus a simple method of measuring the thermal conductivity 
was found, but when we tried to repeat the experiments we en- 
countered all sorts of troubles. 
Mathematical introduction. The empirical formula of S t A 1- 
h a n e and P y k was mathematically deduced in 1932 ~). 
In order to find a simple solution of the differential equation of 
Fourier, suiting our case we assume the following boundary, con- 
ditions :
r=~o}=0;  r : / :~}=0;  r~0}__2~r~ 00 
t ~ t = t < 0 Or q constant 
The third boundary condition is a simplifying assumption. 
The solution of this mathematical problem is: 
4zdt - -  (1) 
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where - -  E i ( - -  x) = 
oo  
= 1 exp( - -x )dx=- -C- - lnx+ 1.1! 2.2~ +' ' 'C=0 '5772" ' "  
x 
being the constant of Euler and a the thermal diffusivity. 
If ~a/4at is very small, - -  E l ( - -  x) can be described by the terms 
- -  C - -  In x only. 
Then the temperature at the surface of the wire is given by: 
(lnl  ' ) 4zd ~ - -  0,5772...  (2) 
Comparison with the empirical formula of S t ~ 1 h a n e and 
P y k gives A = 0,2389/4~r log.e. = 0,04377, which is indeed a 
constant and in good agreement with the experimental determina- 
tion. However B is not a general constant, B being - -0 ,5772. . .  log 
e + log 4a. This difficulty can be avoided by taking the difference 
in temperature at two times. Then we obtain: 
q ln~.  (3) 
02 - -  0t = 4~r2 t 1 
This relation is the base of the non stationnary method of measu- 
ring the thermal conductivity of liquids. By recording the tempera- 
ture at the surface of the wire half-away along its length, and plotting 
against In t, we find q/4~r2 as the slope of the straight line in this plot. 
The Apparatus. The measurement of the temperature can be done 
in two ways, i.e. with a thermocouple or with the variation of the 
electrical resistance of the wire. We rejected the latter way for many 
reasons. If we want to measure the temperature with a resistance 
thermometer, the resistance of the wire should change greatly 
with temperature, but this means that the heatproduction is not 
constant during the period of heating. Moreover this method needs 
a complicated apparatus. 
A thermocouple has the advantage of measuring the temperature 
at a fixed point of the wire and so initially our measurements are not 
disturbed by the three-dimensional heat flow at the ends of the wire. 
We choose Manganine (diameter 0,3 mm) as the material for the 
heating wire, which has a change of resistance with temperature 
of 0,002%/°C. Not only the chemical activity of some liquids but also 
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phenomena like polarisation and electrophorese made it impossible 
to use the bare wire in the liquid. The object of our research-work 
was to find a method suitable for all kinds of liquids, including the 
most aggressive acids. Therefore it is not enough to lacquer the wire. 
We put the lacquered wire and the thermocouple together in a narrow 
glass capillary tube. Furtheron we will call the tube with its contents 
the heater. Later on we shall see to what extent our experimental 
results deviate from formula (3). 
Both ends of the capillary tube are fused into the wall of a glass 
vessel. The cylindrical space 
I between the tube and the 
wall contains the liquid to be 
investigated. The vessel is 
placed in a Dewarflask filled 
with water, so that a constant 
temperature of the surroun- 
dings is assured (Figure 1). 
The thermocouple is com- 
posed of constantan and 
copper (0,1 mm diameter). 
The two copper terminals 
are connected with a Moll- 
galvanometer. The lightspot 
is registered photographic- 
ally, while a¢ the same time 
with lightflashes at regular 
intervals a timebase is 
marked on the film. 
To be independent, as 
much as possible, of the 
shrinking of the photo- 
Fig. 1. Apparatus  for the determinat ion graphic paper during devel- 
of the thermal  conduct iv i ty  in liquids, opment, we use  a Gevaert 
photografic paper with lines at distances of two mm parallel to the 
time axis, especially produced for the electrocardiography. 
The inlluence o/ the thickness o/ the heater. For the validity of 
formula (3) we had to assume that this thickness was zero. We will 
t ry by using simple corrections to adjust the result of the experiment 
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to this formula. In deriving (3) we neglected the terms 
" -~ . ° °  
4at 64a2t 2
This is allowed for large r o after a rather long time (at t = 2,5 ~ola 
the error is about 5%). We can reduce this error by subtracting from 
t a constant ime t o =- -~/4a .  This can be shown by putting 
T + t o in stead of t o in (1): 
q - -C - - ln  ~ +In  1+ + 0= --E, 4a( toi = 4~2 4a~ ~- 
Inserting to =-  ~/4a gives: 
0 -~ q--~-- ~- -C- - ln  r~° k- TC ~--~aT) +9\4a~]  " 4~ [ 4aT 
As there is no term in this series with the first power of ~/4a~ 
the error coming from suppression of the power series will be lower 
than in the original series (at 3= 0,81 ~/a the error is about 5%). 
Put ~/4a~ = x then ~/4a(T + to) = x/(1 --x).  
The calculation shows that 
- -C - - lnx  I 
- -  Ei (-- x / ( l  - -  x ) )  
for e.g. CC14 after 5 seconds lies between 0,99 and 1,00, while without 
correction this value can not be reached uring the time of measu- 
rement. 
Besides this mathematical correction we have to correct too for 
the deviation of the rise of temperature in the heater with regard to 
its ideal rise given by the formula for r = r o. This heat flow is 
qo = --2aroA(OO/Or),=,o = q" exp (~/4at). Because of the thickness 
of the heater we need an extra heat production to warm it up, viz: 
(00)  C,O, ~ exp(__~t ) "  
where it is supposed that the temperature ise is the same for all 
points across a cross section of the heater. This is allowed after a 
short time depending on the value of r o. In reality after some se- 
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conds a situation develops in the heater in which there is a constant 
temperature difference between the thermocouple and the surface 
of the heater. This causes only a displacement of the straight line 
without a change of the slope. So formula (3) describes a tempera- 
ture field which in the real case is caused by a heat production: 
ce 
(D 
t I ~ I" 
,, ,,% 
o ro 
= r 
Fig. 2. Influence of the thickness ot the heater on the temperature 
distribution. 
In figure 2 the temperature is shown beyond r = r o at a given 
time. Curve a gives the temperature in accordance with formula (3) 
and the temperature in the real case if we use a heat production 
q~t. In the ideal case a heat production q~t gives a O~(qta) given by 
curve c and described by 
t 
O,(q,o,) --- ~ + Co 
o 
4at' 
• l ex ( 
However we need the variation of the temperature in the real case 
with a heat production q (curve a). We get curve c from curve b by 
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correction of the heat production in formula (3) with q = q~t. 
Therefore if we want to get curve a from curve b we have to take a 
heat production Q = q + (q -  q~t) in formula (3) and so we can 
describe curve a, i.e. the real temperature in the liquid by: 
t 
0 
t 
l.q.F ( if( 
0 
• 1 (4a(t__t,))]dt,}. 
In figure 3 we found O,,(q) for CC1, by the construction as given 
by this formula, while 0 l(q~,) is obtained by graphical integration. 
The same is done for water (not given here). Both figures show that  
from a certain time O,,(q) and Oi(q) have a constant difference in 
time. Therefore we may conclude that we can use formula (3) if 
we correct it with this constant difference in time. 
These two corrections of the time and the uncertainty in fixing 
the time of the beginning of the experiment can be contained in a 
total correction to . I t  is possible to determine t o experimentally, 
Formula (3) becomes: 
02 - -  0t = 4~ In t2 + to . 
tl + to 
The reciprocal of the derivative with respect o t is: 
. Ot 4~, 
- - -=  (t + to) O0 q 
I f  we plot Ot/O0 against t, again we f ind  a straight line with a 
slope q/4~L 
The axis Ot/O0 = 0 cuts this straight line at - - t  0. We do not use 
this line to determine A as by graphical differentiation we get an 
inadmissible spread of the points. We use it only to determine t o 
and correct the undifferentiated curve with it. For CC14 we found 
experimentally t 0 = 0,6 seconds, while theoretically we found from 
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figure 5 and - -~/4a :  t o = 1,9--1,2 = 0,7 seconds; for water ex- 
perimentaUy, 3,2 and by calculation 3,1. 
The influence of the length of the heater. 
The finite length of the heater has two effects on formula (3), 
viz the deviation of the two-dimensional field of the temperature, 
and the heat transport along the wire to the ends of the heater. 
J 
I 
I C Ck4 
0 ~0 20 
- - - -T IME IN SEC 
Fig. 3. The dev iat ion  of the  measured  temperature  f rom formula  (2). 
If we call the length of the heater 1 and the distance along the 
heater from the centre y, we may consider the heater as a collection 
of pointsources of strength qdy. dr'. Each source causes a field of 
temperature given by: 
2~ydt' ( R 2 ) 
0- -  CO (4~at) 3/~ exp ---4-~a~ where R = ~/r 2 + y2. 
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Integration over y gives: 
oo : + 
at -- ~-~O(ff:~at)8/: exp ( 4a-at ] 
-½v-, 
Putting: y2/4at = z 2, we obtain :
2 £' 
where q~(z) = - -=/exp  (--  z 2) dz 
V'~J  
0 
We remark that ~{~(½I - -Y~+ O(½/+Y~ 
gives the deviation from formula (3). Calculation shows that for 
CC14 this deviation is more than 5% only if t > 4800 seconds, so 
that we can neglect his error completely. 
The heat transport o the ends of the heating wire needs an ad- 
ditional heat production q' and if we suppose that q' is produced 
equally throughout the wire (this overestimates the error) the dif- 
ferential equation is: 
:o  q' o' q -~-+ =0 or = y2+By+C.  
2Zero1 
# 
Suppose that at y = o and y = l 0 = o (also an overestimation) 
then C=O,  and at x=½l  
O0 q 
- -0 ,  B - - - -1 .  
Then the loss of the heat at the ends of the wire is given by: q'l. 
In the centre of the heater the temperature is given by: 
q,/2 
0. -  8 a" 
8~a0,  
Therefore: q' -- l 
If we compare this q' with the produced heat q we find the error and 
it appears that this error is less than 0,5% during the measurements. 
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The intluence o/ the diameter o/ the tube /illed with the liquid. 
Formula (3) is only valid if the rise of temperature n ar the thermo- 
couple is not influenced by disturbances coming from outside the 
tube. As the tube is placed in a Dewar-flask, at the beginning the 
whole apparatus has a constant emperature. Therefore only the 
wall of the vessel can give rise to disturbances at the wire by reflec- 
tion of the temperature ise. We exaggerate the disturbance when 
we suppose that no heat can pass to the outside. 
In reality the heat passing through the wall is dependent on the 
b-value of the two dividing materials (b = ~/~tc0). 
P f r i e m s) calculated that the coefficient of reflection can be 
written as r ---- (b I - -  b2)/(b I + b2), where index 1 refers to the hquid 
and 2 to the glass. 
For a dividing wall which causes a reflection, we can describe the 
phenomenon with an imaginary source at a distance 2R from the 
wire and with a strength twice that of the heatsource itself. 
The increase of temperature at the position of the thermocouple 
due to the imaginary source is given by: 
We must compare 0 s and 0 during the measurement. I  appears 
that the influence of Os can be neglected completely during our time 
of measurement. 
The inertia o/ the galvanometer. The last correction which we 
have to consider is the inertia of the galvanometer. The differential 
equation of an aperiodic galvanometer is: 
I ~x 20x  
where x = deflexion, ~ = the deflexion if there is no inertia, 
f = 2~/T with T the deflexiontime. The deflexion of a galvanome- 
ter changes for a constant current as: 
a = a o {I - -  (1 + fit) exp (-- fit)} 
where a 0 is the final deflexion. For a/a o = ½ :fit = 1,6784. Measure- 
ments give t = 0,18 seconds. So we find f = 9,3 and T = 0,67 
seconds. If we differentiate the recorded 'curve twice we can cal- 
culate ~ at every time. As the correction is very small it is sufficient 
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to correct by differentiating raphically. After 10 seconds the 
error is less than the error in the observation, while the first usuable 
point occurs after 3 to 4 seconds. 
The time o/ measurements. The first usuable point is fixed by the 
time after which the temperature is sufficiently approximated by 
formula (3), after correction with t o. 
This time follows from the figures 5 and 7. The last point is fixed 
by  the convection in the liquid resulting from differences in density. 
If both surfaces of a cylindrical space are kept constantly each at 
its own temperature we can calculate an apparent hermal conduc- 
tivity ;t i from the measured heat transfer. This h i is greater than ~t, 
because ~t~ contains an extra contribution from the convection. 
Therefore ~tJ;t = ¢ is a measure for the convection. 
For gravity convection N u s s e 1 t 5). has proved that 
where: Gr = gflOD~ and Pr v 
a 
with g the gravity, fl the coefficient of expansion, v the viscosity, 
D~ the diameter of the inner cylinder and D, of the exterior cylinder. 
Van der H e 1 d e) has remarked that ¢ =/(Gr,  Pr) if in Gr we take 
~} ~- (D . - -  D~)/2 instead 
of D~. All measurements 
of ~ done within the t.0 
region 
7 < Pr < 4000 
0,1 <Gr< 10 8 
0,25.10--3< ~ < 0,285 t 
! 
are given in figure 4 0.2 
where log (~) is plotted 
against log (Gr.Pr) with 0.{2 
Gr= gflO ~3 /v2. We remark 
that for Gr.Pr = 1000 
to 1200 the convection 
becomes important. If 
0 2 /~ 6 8 
- - - - ' -  LOG 6R" PR 
Fig. 4. The increasement of the conductivity 
by convection. 
we want to use this result, we have to remember that all these 
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measurements are done with a constant field of temperature, while 
we have a non stat ionnary field of temperature. In our case we can 
consider the exterior cylinder as an expanding cylinder at the place 
where the temperature begins to rise. It  makes no difference to the 
convection whether there is liquid or a wall outside this coaxial 
cylinder. 
The temperature difference of the two cylinders in our case is 
given by: 
\-7~--/(2~20~. l} - -  q (In r --- In ro) ~=r  o{exp O, - -  0,o 2~,~ 
4nXO 
q = In (4at / to )  - -  0,5772 
/exp " / 4at = ro, 
So we obtain 
v. a --~0--- 0,5772 . . .  - -  1 
We have determined Gr.Pr at the time after which a deviation of the 
straight line starts for 8 liquids of which a, v and fl are wellknown. 
We found a mean value of Gr.Pr = I070. As this value is in very 
good agreement with the critical point of the convection as found 
by K r a u s s o 1 d 7) we can conclude that  the last point of the 
measurements is fixed by Gr.Pr -- 1070. 
With this critical value we find for our apparatus as the final 
time of the measurement: 
~(  , ,~,/3 0,03"~2 
t, = } t \  f l - -~]  + ~/~ J seconds. 
In table I the calculated t, and the t, found by measurement are 
given for eight liquids. 
TABLE I 
If e t c 
Liquid q Gr.Pr. 0 measured calculated 
Water  
Pentanol 
Methanol 
Aniline 
Carbon Tetrachloride . . . 
Benzene 
Acetone 
I Chloroform . . . . . . . . .  
2,830 
0,835 
0,835 
0,835 
0,835 
0,835 
0,835 
0,678 
1365 
812 
1145 
785 
II00 
II00 
1310 
935 
2,40 
3,25 
2,22 
2,86 
2,72 
2~59 
2,33 
1,78 
16 
50 
20 
50 
18 
18 
16 
16 
16,4 
55,3 
19,6 
59,9 
17,6 
18,2 
15,0 
17,2 
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30 
20 
ILl 
I ' -  
t 
5 
3 
2 
1 
2.0 
10 
I-- 
1 
0 
0 
. I,..~.." 
I + / -I- 
/ 
+ / 
+ 
/ 
+ 
ig 
.++--J 
,+" /17 
+f+- +t 
/ 
/4  
/ *  
dATER 
lZt.G ° C 
Fig. 5. Plot of log time 
versus deflection of the 
galvanometer without 
and with t o correction 
for water. 
2.4 
+ +/+ S 
/ 
- -T  
+"o 
2 B 3.2 3.6 
--- DEFLECTION 6ALV. 
+/" 
f 
f+  .//÷ 
HaO 
t~.6 °C 
Fig. 6. 
Determination 
of the t 0 
correction. 
10 20 
dt  
de 
The results o~ the measurements. As the thermal conductivity of 
water had been measured by many experimenters, we also began our 
experiments with water. In figure 5 for one of our measurements 
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30 .,. 
I 
4. 
I 
4- 
2o I . j7  
10 L~/~'~'~"  
÷- 
C CL4 
i- 
2 I~.0 °C 
1 
7_0 3.0 
-~ DEFLECTION 
Fig. 7. As fig. 5 for CCl 4. 
10 
I .L I  
:E 
I - -  
L 
z~.O 
GALV. 
, I~: - X +,+/+I~I 
Z 
J -p 
/ 
o~ 
0 
CCL~ 
IxID °C 
1 
I0 
d t  
" .de  
Fig. 8. As fig. 6 for CC14. 
20 
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In t is .plotted against 0. InSfigure 6 t is plotted against atlaO and 
this gives t o. After correction with t o in figure 5 we find the straight 
line with the slope q/4zd. This straight line is fixed by the points 
between t = 4 seconds and t = 16 seconds (table I). The same.has 
been done for CC14 in figures 7 and 8. For water we measured the 
,P 
- r  
z \ 
"< O.S~ '~ 
0.52 
Q~8 
' / / I  
.+ / 
& 
0 100 
I 
x SCHMIDT 
JACOB 
+ t DRUNEN 
260 200 
° C - TEMP. IN 
Fig. 9. Measurements of the conductivity of water at different empera- 
tu resby  Schmidt ,  Jacob  and Van  Drunen.  
thermal conductivity at different emperatures and the result is 
given in figure 9. Besides many organic liquids we measured some 
inorganic acids of which the results are given in table II. 
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TABLE I I  
Liquid 
mean 
tempe- 
rature 
°C 
to & 
see sec 
kaal 
mh°C 
~. I04 
cal 
em sec 
o C 
Pentanol 
Methanol 
Aniline 
Carbon tetrachloride . . . 
Bromobenzene 
Amylbromide. 
Benzene 
Acetone 
Aceticacid Amylester . . . 
Chloroform 
Aceticacid Ethylester . . . 
Hydrogen Bromide (48%) 
H) drogen Chloride (38, 1%) . 
. . . .  (18,2%) . 
. . . .  ( 9,i%). 
Nitric acid (50%) 
,, (30%) 
,, (20%) 
,, (1o%) 
Phosphoric acid (86%) . . . 
,, (64 ,5%)  . . 
,, (32,3%) . . 
Perchloric acid (66°/o) . . . 
• Acetic acid (97%) . . . . . .  
0,835 
0,835 
0,835 
0,835 
0,835 
0,835 
0,835 
0,835 
0,835 
0,678 
0,678 
1,932 
2,830 
2,830 
2,830 
2,643 
2,643 
2,643 
2,643 
2,830 
2,830 
2,830 
1,932 
1,932 
17,5 
15,1 
16,4 
14,0 
16,4 
18,0 
22,5 
16,1 
20,0 
15,9 
16,0 
17,7 
21,8 
21,3 
21,2 
17,0 
17,1 
17,1 
17,3 
19,4 
19,6 
19,6 
24,8 
22,6 
1,0 
1,3 
1,5 
0,6 
0,9 
0,4 
1,2 
1,6 16 
1,2 20 
0,9 16 
0,8 19 
1,8 21 
3,4 22 
3,4 21 
3,2 "2O 
1,9 35 
2,4 28 
2,6 24 
2,9 22 
1,6 35 
1,8 30 
1,9 28 
2,2 26 
1,2 20 
50 0,121 
20 0,171 
50 0,157 
18 0,092 
20 0,095 
18 0,0845 
18 0,136 
0,163 
0, I I I  
0, I04 
0,128 
0,377 
0,498 
0,505 
0,515 
0,355 
0,418 
0,457 
0,475 
0,401 
0,428 
0,468 
0,147 
0,334 
3,36 
4,75 
4,35 
2,56 
2,64 
2,35 
3,78 
4,53 
3,08 
2,89 
3,56 
10,5 
13,8 
14,0 
14,3 
9,86 
II,5 
12,7 
13,2 
II,15 
11,9 
13,0 
4,09 
9,28 
6i? 
"1- 
~.0 
Z 
2.0 
t 
QO 
0 
÷~÷ +- - - __  ' ~ . HCL 
~"- .~,  19.5 °C 
HN03 
1Z2 °C 
20 40 60 80 t00 
CONCENTRATION IN o~ 
Fig.  10. The  in f luence of the  concer t ra t ion  on the  conduct iv i ty  for HC], 
H3PO 4 and  NHO 3 in water.  
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For some inorganic acids we measured the variation of the ther- 
mal conductivity with concentration. We always found a linear 
dependence as given in figure 10. All given values of the thermal 
conductivity, are means of four or more measurements. The total 
error of the measurements is less than 2%. The results are in good 
agreement with the known thermal conductivities of some liquids. 
The dependence of the thermal conductivity on temperature as 
found with a very complicated apparatus by E. S c h m i d t and 
W. S e 11 s c h o p p 8) is confirmed by our rapid method up to 
60°C (figure 9). With this we have found a method which fulfils 
our aim. 
Received June 27th, 1949. 
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